On Horizontal Immersions of Discs in Fat Distributions of Type $(4,6)$ by Bhowmick, Aritra
ar
X
iv
:2
00
3.
06
56
5v
1 
 [m
ath
.D
G]
  1
4 M
ar 
20
20
ON HORIZONTAL IMMERSIONS OF DISCS IN FAT DISTRIBUTIONS OF TYPE (4, 6)
ARITRA BHOWMICK
Abstract. In this article we discuss horizontal immersion of discs in certain corank 2 fat distribution on 6-
dimensional manifolds, holomorphic contact distributions are examples of which. The main result presented
here is that a certain nonlinear PDE is locally invertible, using which we will prove a local h-principle result for
such immersions.
1. Introduction
In subriemannian geometry one studies distributions on smooth manifolds, in particular, the bracket gen-
erating distributions which lie at the opposite end of the integrable ones. If D ⊂ TM is a bracket generating
distribution then successive Lie brackets of local vector fields in D around any point x ∈ M span the tangent
space TxM . For any distribution we can consider smooth curves γ : I → M which are everywhere tangent to
D. We shall call them D-horizontal curves or simply horizontal curves. These curves play an important role in
understanding the distribution. In fact, if D is bracket generating then any two points of the manifold M can
be joined by a smooth horizontal curve ([Cho39]) and the space of horizontal curves joining two points have the
same homotopy type as the space of smooth curves joining them ([Gro96, Ge93]).
More generally, one may consider horizontal immersions of k-manifolds in a manifoldM with a distribution D.
Gromov proves ([Gro86, Gro96]), for a generic distribution D, that horizontal immersions with some additional
regularity condition, satisfy the h-principle provided
rkD ≥ (k + 1)(corkD + 1)
He also conjectures ([Gro96]) that for generic D one may be able to improve the inequality to dimM ≥
(k + 1)(corkD + 1).
Contact distributions are the prime examples of bracket generating distributions on an odd dimensional man-
ifold M which are locally defined by 1-forms α such that dα is non-degenerate on kerα. Horizontal immersions
for such distributions are well understood; in fact, they satisfy the parametric h-principle ([Duc84, EM02]).
Contact distributions belong to the class of fat distributions (see 2.2), which makes fatness a generic property
in corank 1. However, fat distribution germs of corank k > 1 are never generic. In this article we consider
certain class (see Defn 2.3) of fat corank 2 distributions D on a manifoldM of dimension 6 and study horizontal
immersions of the closed unit disc Σ = D2 into M . Gromov’s general theorem for regular horizontal maps does
not apply here, as there can not exist any ‘regular’ map in this case.
Here we consider D to be a smooth corank 2 fat distribution which is defined by a pair of independent 1-forms
α1 and α2. Then the space of horizontal maps into (M,D) can be viewed as the space of solutions to a system
of partial differential equations associated with a smooth differential operator D between two Fre´chet spaces,
namely
D : C∞(Σ,M)→ Ω1(TΣ,R2),
where
D(f) ≡ (f∗α1, f
∗α2) = 0.
The main theorem of this article may be stated as follows:
Theorem 1.1. There exists an open subset U ⊂ C∞(D2,M) such that for every f : D2 → M in U , the
linearization Lf of the operator D at f admits a tame right inverse.
The open subset U consists of solutions to certain open first order differential relation in J1(Σ,M). We
observe that the linearization Lf , f ∈ U, factors into an elliptic operator and a linear operator. Thus, the
inverse of Lf in Theorem 1.1 is not a differential operator unlike in the case when f is a ‘Ω-regular’ map as in
Gromov’s theorem for regular horizontal maps. The Ω-regularity condition on f amounts to saying that the
restriction of Lf to Γ(f
∗D) is a surjective bundle map. This implies that Lf will have a right inverse which is a
linear differential operator of order zero. Then the local horizontal maps exist by Nash-Moser Implicit Function
2010 Mathematics Subject Classification. 58A30, 58J05, 58A15, 35J60, 53C23.
Key words and phrases. h-principle, fat distribution, holomorphic contact distribution.
1
2 A. BHOWMICK
theorem. Combining the analytic technique with the sheaf theoretic technique, Gromov obtains the h-principle
for horizontal maps.
Here, applying the Implicit Function Theorem for smooth tame operators between tame Fre´chet spaces, due
to R. Hamilton ([Ham82]), we obtain the following result.
Theorem 1.2. D is locally invertible on U .
As a consequence we get,
Theorem 1.3. Horizontal maps D2 →M satisfy the local h-principle.
Holomorphic contact distributions are the best known examples in the class of fat corank 2 distributions
considered in this article, namely the ones admitting Reeb directions. These manifolds are modeled on the
holomorphic 1-jet space J1(Cn,C) like their real counterparts, and 1-jet prolongation of any holomorphic map
Cn → C is a holomorphic Legendrian embedding. So there are plenty of holomorphic horizontal submanifolds in
any holomorphic contact manifold. In [FL18] the authors have shown that holomorphic Legendrian immersion
of an open Riemann surface Σ into the standard holomorphic contact manifold
(
C2n+1, dz −
∑
i yidxi
)
satisfy
the parametric Oka principle. In particular, they prove that the space of Legendrian holomorphic embeddings
Σ →֒ C2n+1 has the same homotopy type as the space of continuous maps Σ → S4n−1. The authors further
observe that such a global h-principle type result may not be true for a general holomorphic contact manifold.
Our result indicates that the h-principle is true, at least locally, for horizontal maps into corank 2 fat distribu-
tions which admit Reeb directions, provided there exists infinitesimal germs of some finite order.
The article is arranged as follows. In section 2 we first discuss the preliminaries of fat distribution. In
section 3 we prove our main result : the local invertibility of the nonlinear differential operator D. Then in
section 4 we derive the local h-principle for horizontal maps. In order to make the article self-contained, we
briefly outline in section 5 the background and the statement of the Implicit Function Theorem for differential
operators between Frechet spaces following [Ham82], as this has been crucially used in section 3.
2. Basic Notions
In this section we recall the notion of fat distribution and then focus on distributions which are of corank 2.
2.1. Distribution. A distribution D on a manifoldM is a subbundle of the tangent bundle TM . A distribution
D can equivalently be identified with the sheaf of sections ΓD of D. Hence by X ∈ D we will mean that X is
a local section of D. We denote by [D,D] the sheaf of all vector fields on M which are obtained by taking Lie
brackets of two sections in D. The sheaf [D,D] need not be associated to a distribution, since it may fail to
have constant rank. We define recursively, for i ≥ 1,
Di+1 = Di + [D,Di], D1 = D.
Definition 2.1. D is said to be bracket generating if at each point x ∈ M we have, Dr|x = TxM , for some
positive integer r, possibly depending on x.
Example 2.1. A corank 1 distribution ξ ⊂ TM on M is defined locally as the kernel of a 1-form α on M . The
distribution ξ is said to be a contact distribution if α∧ (dα)n 6= 0. The property does not depend on the choice
of defining 1-form α. By the Darboux theorem ([Gei08]), α has a local normal form α = dz −
∑n
i=1 yidxi. It is
then easy to check that,
ξ =
loc.
〈∂yi , ∂xi + yi∂z〉
Since we have, [∂yi , ∂xi + yi∂z] = ∂z we see that TM = ξ + [ξ, ξ] = ξ
2. Hence the contact distributions are
bracket generating.
In this article we will be interested in distributions which are 2-step bracket generating, i.e, TM = D2. If
rkD = n and corkD = p then we say that D is of type (n, n+ p). As observed, every contact distribution is of
type (2n, 2n+ 1) for some n ≥ 1.
2.2. Fat Distribution. We can associate to any distribution D, its curvature form Ω which is a TM/D-valued
2-form on D. The curvature form plays a very important role in subriemannian geometry.
Definition 2.2. Given a distribution D, we have the quotient map λ : TM → TM/D. The curvature form of
the distribution is an operator Ω : Λ2D → TM/D defined as follows: for local sections X,Y ∈ D,
Ω(X,Y ) := −[X,Y ] mod D = −λ([X,Y ])
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Observe that Ω is C∞(M)-linear.
There is a special class of bracket generating distributions, called fat. These can be defined in several
equivalent ways as described below.
Strong Bracket Generation: A distribution D on a manifold M is called fat (or strongly bracket gen-
erating) at x ∈M , if for every nonzero vector v ∈ Dx we have
TxM = Dx + [V,D]x
where V is some (local) section of D with Vx = v. Here [V,D]x is the subspace of TxM defined as
follows:
[V,D]x =
{
[V,X ]x
∣∣X ∈ D}
The distribution is fat if it is fat at every point x ∈M .
Nondegeneracy of Curvature Form: Suppose we identify
(
TM/D
)∗
with the annihilator bundleD⊥ ⊂
T ∗M and define the dual curvature form ω : D⊥ → Λ2D∗ by ω(α) = dα|D . We say that D is fat at
x ∈M if and only if ω(α) is a nondegenerate 2-form on D, for each 0 6= α ∈ D⊥x . The distribution D is
fat if it is fat at every x ∈M
Remark 2.1. Clearly, any fat distribution is 2-step bracket generating. Another important consequence of
fatness is that dα|D is nondegenerate for any non-vanishing, (local) 1-form α annihilating D. Indeed, strongly
bracket generating property implies (and is implied by) that for any 0 6= v ∈ Dx, the map
Φv : Dx → TxM/Dx ∼= R
2
u 7→
(
ιvω1(u), ιvω2(u)
)
is surjective. This, in particular, implies that ωi are non-degenerate for each i = 1, 2.
Example 2.2. A contact distribution is fat. In fact, contact distributions are precisely the fat distribution in
the corank 1 case.
Fatness being an open condition, the fat distribution germs form an open set in the set of all germs of
distributions of a fixed type. Though contact distributions happen to be generic in the corank 1 situation,
fatness is not a generic property, in general. In fact we have the following.
Theorem 2.1 ([Ray68, Mon02]). Suppose D is a rank k-distribution on M with dimM = n. If D is fat then
the following numeric constraints hold.
• k is divisible by 2 and if k < n− 1, then k is divisible by 4
• k ≥ (n− k) + 1
• The sphere Sk−1 admits n− k linearly independent vector fields
Conversely, given any pair (k, n) satisfying the above, there is a germ of fat distribution of type (k, n).
In particular, the fat distributions are of the type (4n, 4n+ p) when p > 1. We will now focus on p = 2.
2.3. Corank 2 Fat Distributions. Suppose D is a corank 2 fat distribution on M . For simplicity, let us first
assume that D is cotrivial. Hence there exist 1-forms α1, α2 ∈ Ω
1(M) such that the quotient map λ : TM →
TM/D ∼= M × R2 is given as,
λ = (α1, α2)
and D = kerα1 ∩ kerα2. Moreover, the curvature 2-form Ω : Λ
2D → TM/D ∼= M × R2 is given by,
Ω(X,Y ) =
(
ω1(X,Y ), ω2(X,Y )
)
,
where ωi = dαi|D. Since D is fat, we have from Remark 2.1 that ω1, ω2 are nondegenerate. Therefore, we can
define an automorphism A : D → D by the following rule:
ω1(u,Av) = ω2(u, v), ∀u, v ∈ D
Explicitly, we have,
A = −I−1ω1 ◦ Iω2
where Iωi : D → D
∗ is the induced isomorphism Iωi(v) = ιvωi.
For any subspace V ⊂ Dx, denote the symplectic complement of V with respect to ωi by V
⊥i , i = 1, 2.
V ⊥i =
{
w ∈ Dx|dαi(v, w) = 0, ∀v ∈ V
}
It is easy to deduce that,
V ⊥2 =
(
AV
)⊥1
, V ⊥1 = A
(
V ⊥2
)
.
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For a general cork 2 fat distribution D, not necessarily cotrivializable, the automorphism A can only be
defined locally, since it depends on the choice of annihilating forms for D. We observe a criteria for fatness, in
the corank 2 situation.
Proposition 2.1. Suppose D is a corank 2 distribution on M defined locally by a pair of 1-forms α1, α2. Then
D is fat if and only if the following conditions are satisfied:
• ωi = dαi|D is nondegenerate for i = 1, 2.
• The (local) automorphism A : D → D relating ω1, ω2 has no real eigenvalue.
Proof. First suppose that D is strongly bracket generating at x. This means that for any 0 6= v ∈ Dx, the map
Φv : Dx → TxM/Dx ∼= R
2
u 7→
(
ιvω1(u), ιvω2(u)
)
is surjective. This, in particular, implies that ωi are non-degenerate. On the other hand, if ω1 and ω2 are
non-degenerate then
Φv is onto ⇔ cork(v
⊥1 ∩ v⊥2) = 2
Since v⊥2 = (Av)⊥1 this is equivalent to A having no real eigenvalue. This completes the proof. 
Example 2.3. A holomorphic 1-form α on a complex manifold M with dimCM = 2n+ 1, is called contact if
it satisfies α ∧ dαn 6= 0. By the Darboux theorem, we have holomorphic coordinates (z, x1, . . . , xn, y1, . . . , yn)
on M such that holomorphic contact form is given as, α =
loc.
dz −
∑n
j=1 yjdxj . If we identify, C
2n+1 with R4n+2
and write z = z1 + ιz2, xj = xj1 + ιxj2, yj = yj1 + ιyj2, then α can be expressed as α = α1 + ια2, where
α1 = dz1 −
n∑
j=1
(
yj1dxj1 − yj2dxj2
)
, α2 = dz2 −
n∑
j=1
(
yj2dxj1 + yj1dxj2
)
This gives us a corank 2 distribution D = kerα1 ∩ kerα2 ⊂ TM , which is canonically isomorphic to the
holomorphic contact subbundle kerα ⊂ T (1,0)M . We can explicitly write down a global frame for D:
D = 〈Xj1, Xj2, Yj1, Yj2〉,
where
Xj1 = ∂xj1 + yj1∂z1 + yj2∂z2 , Xj2 = ∂xj2 − yj2∂z1 + yj1∂z2
Yj1 = ∂yj1 , Yj2 = ∂yj2
Then the connecting automorphism A : D → D defined by
dα1(u,Av) = dα2(u, v), ∀u, v ∈ D
satisfies the following equations.
AXj1 = −Xj2, AXj2 = Xj1, AYj1 = −Yj2, AYj2 = Yj1
In particular we observe A2 = −Id, that is, A induces a complex structure on D. Since A has no real eigenvalue,
by Proposition 2.1 the distribution D is fat.
Further, the tangent bundle of M splits as the direct sum TM = D⊕〈Z1, Z2〉, where Zi = ∂zi are two vector
fields satisfying the relations below:
[Z1, Z2] = 0, αi(Zj) = δij , ιZidαj |D = 0, i, j = 1, 2
Motivated by this, we consider the following.
Definition 2.3. A corank 2 fat distribution D on M is said to admit (local) Reeb directions Z1, Z2, if D =
loc.
kerα1 ∩ kerα2 and TM = D ⊕ 〈Z1, Z2〉 such that,
(a) α1(Z1) = 1, α1(Z2) = 0
(b) α2(Z1) = 0, α2(Z2) = 1
(c) ιZidαj |D = 0 for i, j = 1, 2
(d) [Z1, Z2] = 0
As observed in Example 2.3, the distribution associated to the holomorphic contact structure, admits (local)
Reeb directions.
Given any corank 2 fat distribution D on a manifoldM of dimension 4n+2, we may find ([Ge92]) a coordinate
system (x1, . . . , x4n, z1, z2) and 1-forms,
αi = dzi −
∑
j,k
Γijkxjdxk +Ri, i = 1,
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such thatD =
loc.
kerα1∩kerα2. Here Ri =
∑2
j=1 fijdzj+
∑4n
j=1 gijdxj is a 1-form such that, fij , gij ∈ O(|x|
2+|z|2)
and {Γijk} constitute the structure constants of some nilpotent Lie algebra, known as the nilpotentization
([Mon02, Tan70]), associated to the distribution D. In particular Γijk = −Γ
i
kj . Observe that, if we take fij = 0
and gij to be functions of xk’s only, then any such tuple of forms (α1, α2) above gives a fat distribution as well.
Furthermore, such a fat distribution admits local Reeb directions 〈∂z1 , ∂z2〉.
From the classification results of [CFS05], we see that the only possible Lie algebra that can arise as the
nilpotentization of a corank 2 fat distribution on a 6 dimensional manifold is the complex Heisenberg Lie algebra.
Question 2.1. Is every (germ of) corank 2 fat distribution on R6, which admits local Reeb directions, diffeo-
morphic to the germ of the distribution associated to a holomorphic contact structure as in Example 2.3?
For a general corank 2 fat distribution, the answer is clearly no. From a result of Montgomery ([Mon93]),
it follows that a generic distribution germ of type (4, 6) cannot admit a local frame, which generates a finite
dimensional Lie algebra. Whereas, the contact holomorphic distribution admits such a frame, as observed in
Example 2.3, generating the complex Heisenberg Lie algebra. Since the set of germs of fat distributions of type
(4, 6) is open, there are plenty of fat distributions, non-isomorphic to the contact holomorphic one. But it is
not clear whether any of these fat distributions admit (local) Reeb directions.
3. Horizontal immersions in a corank 2 fat distribution
Suppose D is a corank 2 fat distribution on M defined by a pair of 1-forms α1, α2. Hence ωi = dαi|D are
non-degenerate and the connecting homomorphism A : D → D defined by
ω2(u, v) = ω1(u,Axv), ∀u, v ∈ Dx, x ∈M
has no real eigenvalue. We further assume that the distribution admits local Reeb directions.
Now for a fixed manifold Σ, consider the partial differential operator,
D : C∞(Σ,M)→ Ω1(Σ,R2)
f 7→
(
f∗α1, f
∗α2
)
The C∞-solutions of D(f) = 0 are precisely the D-horizontal maps since the derivative of f maps TΣ into D.
Furthermore, horizontality implies that f∗dα1 = 0 = f
∗dα2; hence dfx : TxΣ→ Df(x) is an isotropic map with
respect to both the forms ω1 and ω2 on D for every x ∈ Σ. Now, linearizing D at an f ∈ C
∞(Σ,M) we get the
linear differential operator Lf as follows:
Lf : Γf
∗TM → Ω1(Σ,R2)
∂ 7→
(
d
(
αi ◦ ∂
)
+ f∗ι∂dαi
)
i=1,2
Restricting Lf to Γf
∗D we have,
Lf : Γf
∗D → Ω1(Σ,R2)
∂ 7→
(
f∗ι∂dαi
)
i=1,2
Observe that Lf is a C
∞(Σ)-linear map and hence is induced by a bundle map f∗D → T ∗Σ⊗ R2.
An immersion f is said to be Ω-regular if this bundle map Lf is surjective. One then gets that the operatorD
is infinitesimally invertible over the set of regular maps and one may then appeal to Gromov’s general theorems
([Gro86]). But for such a map f to exist, i.e, for the existence of a regular, common isotropic subspace V ⊂ D,
we must have the inequality ([Gro96]),
rkD ≥ 3 dimΣ
We will be focusing on D-horizontal immersions of discs D2 in 6-dimensional manifold, where rkD = 4.
Clearly, rkD = 4 6≥ 6 = 3.2 = 3 dimΣ. Hence there is no possibility of a Ω-regular horizontal map D2 →M to
exist and so Gromov’s method doesn’t apply directly.
3.1. Inversion of Lf at D-horizontal Immersions. We now denote Σ = D
2 and M = R6. Suppose D =
kerα1 ∩ kerα2 is a given corank 2 fat distribution, which admits local Reeb directions. Since Σ is a compact
manifold with boundary we have (see Example 5.3),
Lemma 3.1. The spaces Γ(f∗TM) and Ω1(Σ,R2) are tame Fre´chet spaces.
As before we have the linearization map, Lf : Γf
∗D → Ω1(Σ,R2). Since Lf is a linear partial differential
operator of order 1, we have (see Example 5.2)
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Lemma 3.2. Lf is a tame linear map of order 1.
This sets the problem into the framework of the differential operator between Fre´chet spaces for studying the
existence of local inversion. We refer to the Appendix for relevant details. We first prove the following result.
Proposition 3.1. If f is a smooth horizontal immersion then Lf admits a tame inverse Mf .
Note that we are assuming the existence of D-horizontal immersions here. We first prove the following.
Lemma 3.3. If V ⊂ Dx is common isotropic with respect to ωi = dαi|D and dimV = 2, then V = AV
Proof. Clearly,
V ⊂ V ⊥1 ∩ V ⊥2 = (V +AV )⊥1
Since D is fat, A has no real eigen-values. Therefore, dim〈v,Av〉 = 2 for any non-zero v ∈ V . Now we have,
〈v,Av〉 ⊂ V +AV ⇒ (V +AV )⊥1 ⊂ 〈v,Av〉⊥1
But, dim〈v,Av〉⊥1 = dimDx − 2 = 2. Hence dimV
⊥1 ∩ V ⊥2 ≤ 2. But V ⊂ V ⊥1 ∩ V ⊥2 and hence we get,
dim V ⊥1 ∩ V ⊥2 = 2. But then, dim(V +AV ) = 2, which is possible only if V = AV . 
Proposition 3.2. If f is a smooth D-horizontal immersion, given any (P,Q) ∈ Ω1(Σ,R2), we have that
Lf (∂) = (P,Q) admits a unique solution Mf , which depends on the choice of of an almost complex structure J
on D and certain boundary conditions.
Proof. We first choose an almost complex structure J onD, compatible with ω1 = dα1|D. Since f is D-horizontal
we have,
f∗αi = 0⇒ f
∗dαi = 0
Thus Im dfσ is common isotropic with respect to both ωi = dαi|D. In particular, Im dfσ is J-totally real, since
J is ω1-compatible. Also since f is an immersion, dim Im dfσ = 2. Then by Lemma 3.3, we have that
A(Im dfσ) = Im dfσ
for σ ∈ Σ. Let us denote, X = f∗(∂x), Y = f∗(∂y), where ∂x, ∂y are the coordinate vector fields on Σ = D
2. We
thus have
〈AX,AY 〉 = 〈X,Y 〉.
Hence, A restricts to an automorphism on 〈X,Y 〉:
A0 = A|〈X,Y 〉.
Let us write,
AX = pX + qY, AY = rX + sY
for some functions p, q, r, s ∈ C∞(Σ). Then we have that A0 =
(
p q
r s
)
with the basis (X,Y ). Since A has no
real eigenvalue, A0 also has no real eigenvalue. This means that the characteristic polynomial
λ2 − (p+ s)λ+ (ps− qr)
of A0 has negative discriminant, i.e.,
(p+ s)2 − 4(ps− qr) = (p− s)2 + 4qr < 0
Now let us consider the equation,
Lf (∂) = (P,Q)
where P,Q ∈ Ω1(Σ). We write,
∂ = ∂0 + aZ1 + bZ2
where ∂0 ∈ f
∗D and Z1, Z2 are the Reeb directions associated to (α1, α2), pulled back along f . Also let us
write,
P = P1dx+ P2dy, Q = Q1dx+Q2dy
We then have,
Lf (∂) =
(
da+ f∗ι∂0dα1, db+ f
∗ι∂0dα2
)
Evaluating on ∂x, ∂y and using properties (a), (b), (c) of Defn 2.3, we have the system,{
∂xa+ dα1(∂0, X) = P1
∂ya+ dα1(∂0, Y ) = P2
(1)
{
∂xb+ dα2(∂0, X) = Q1
∂yb+ dα2(∂0, Y ) = Q2
(2)
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We also consider an auxiliary system of equations:{
dα1(∂0, JX) = 0
dα1(∂0, JY ) = 0
(3)
Now
dα2(∂0, X) = dα1(∂0, AX) = pdα1(∂0, X) + qdα1(∂0, Y )
dα2(∂0, Y ) = dα1(∂0, AY ) = rdα1(∂0, X) + sdα1(∂0, Y )
This transforms (2) into the following system of PDEs:{
∂xb+ pdα1(∂0, X) + qdα1(∂0, Y ) = Q1
∂yb+ rdα1(∂0, X) + sdα1(∂0, Y ) = Q2
(2′)
Using (1) we eliminate ∂0 from (2
′) and get,{
∂xb− p∂xa− q∂yb = Q1 − pP1 − qP2
∂yb− r∂ya− s∂yb = Q2 − rP1 − sP2
(2′′)
Since (p− s)2 + 4qr < 0, the system of PDEs given by (2′′) is elliptic. Hence, the Dirichlet problem (2′′) with
the boundary condition
a|∂Σ = a0, b|∂Σ = b0,(4)
will have a unique solution
(a, b) = Mf(P,Q, a0, b0).
Next, using the solution (a, b) = Mf (P,Q, a0, b0) we get from (1), (3),

dα1(∂0, X) = P1 − ∂xa
dα1(∂0, Y ) = P2 − ∂ya
dα1(∂0, JX) = 0
dα1(∂0, JY ) = 0
(5)
Since Im dfσ is J-totally real, D = 〈X,Y, JX, JY 〉 is a local framing, and since dα1|D is nondegenerate, (5) can
be uniquely solved for ∂0. Thus, Lf (∂) = (P,Q) has a unique solution
∂ = Mf (P,Q, a0, b0)
subject to satisfying the auxiliary system (3) and the boundary condition (4). 
We can now prove Proposition 3.1
Proof of Proposition 3.1. From 3.2 we have that Lf admits unique solution Mf , whenever f is D-horizontal
immersion. As in 3.2,Mf is obtained as a solution to a Dirichlet problem and hence it is tame (see Example 5.2).
Then Mf is obtained from Mf by solving a linear system, which is again tame. Hence the inverse Mf is tame,
as composition of tame maps is tame. 
3.2. Local Inversion of D. From Proposition 3.1 we see that the linearization Lf admits right inverse Mf ,
provided f is D-horizontal immersion. But in order to apply the Implicit Function Theorem due to Hamil-
ton (Theorem 5.1), we need to show that there is an open set of maps U ⊂ C∞(Σ,M) such that the family
{Lf |f ∈ U} admits a smooth tame inverse. We now identify this set U.
We first restrict ourselves to a collection U0 of maps f : Σ→M satisfying the following conditions:
• f is an immersion
• Im df is transverse to 〈Z1, Z2〉
This collection U0 ⊂ C
∞(Σ,M) is clearly open, since it is defined by open conditions. Now we have a canonical
projection
πD : TM = D ⊕ 〈Z1, Z2〉 → D
For any f ∈ U0 we see that the image πD(Im df) has dimension 2 at each point of Σ. Let us choose an almost
complex structure J : D → D, compatible with dα1|D, as in Proposition 3.2. Then the set{
V = 〈X,Y 〉 ∈ Fr2D
∣∣∣V is J-totally real}
is open in the 2-frame bundle Fr2D, since the totally real condition V ∩ JV = 0 is open. For any totally real
V = 〈X,Y 〉 we have the framing D = 〈X,Y, JX, JY 〉 and we can write,
A =
(
A11 A12
A21 A22
)
with respect to the basis (X,Y, JX, JY ). Let, Ox ⊂ Fr2Dx be the set of those V = 〈X,Y 〉 ∈ Fr2Dx such that,
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• V is J-totally real
• The matrix A11 as above is negative definite
Since both are open conditions, we see that Ox is open in Fr2Dx.
We now define,
Definition 3.1. A map f : Σ→M is said to be admissible if it satisfies the following.
• f ∈ U0, i.e, f is an immersion with Im df ⋔ 〈Z1, Z2〉
• Im dfσ = 〈f∗∂x, f∗∂y〉 ∈ π
−1
D
(
Of(σ)
)
for each σ ∈ Σ
Denote by U ⊂ C∞(Σ,M) the set of admissible maps.
In fact we have defined a relation A ⊂ J1(Σ,M) such that U is exactly the smooth holonomic solutions of
A. Since A is an open relation, we have that U is open in C∞(Σ,M). We now prove,
Theorem 3.1. The linearization Lf admits a smooth tame inverse Mf for every f ∈ U
Proof. Suppose f ∈ U. We have, Im df = 〈f∗∂x, f∗∂y〉. Let us write,
f∗∂x = X + a1Z1 + a2Z2, f∗∂y = Y + b1Z1 + b2Z2
where X = πD(f∗∂x), Y = πD(f∗∂y). By assumption 〈X,Y 〉 ∈ Fr2D. Hence we can write,{
AX = pX + qY + p′JX + q′JY
AY = rX + sY + r′JX + s′JY
(6)
The matrix of A has the form, 

p r ∗ ∗
q s ∗ ∗
p′ r′ ∗ ∗
q′ s′ ∗ ∗


and by the hypothesis on U , A11 =
(
p q
r s
)
is negative definite, which is equivalent to,
(p− s)2 + 4qr < 0.
Now we wish to solve Lf (∂) = (P,Q) as we did in Proposition 3.2, where
Lf : Γf
∗TM → Ω1(Σ,R2)
∂ 7→
(
d
(
αi ◦ ∂
)
+ f∗ι∂dαi
)
i=1,2
Let ∂ = ∂0 + aZ1 + bZ2, where ∂0 ∈ f
∗D. Since [Z1, Z2] = 0 (by (d) of Defn 2.3), we have,
dα1(Z1, Z2) = Z1(α1(Z2))− Z2(α1(Z1))− α1([Z1, Z2]) = Z1(0)− Z2(1)− α1(0) = 0
and similarly, dα2(Z1, Z2) = 0. Hence,
dα1(∂, f∗∂x) = dα1(∂0 + aZ1 + bZ2, X + a1Z1 + a2Z2) = dα1(∂0, X)
and similarly the remaining ones. Thus, we get a system as before,{
∂xa+ dα1(∂0, X) = P1
∂ya+ dα1(∂0, Y ) = P2
(7)
{
∂xb+ dα1(∂0, AX) = Q1
∂yb+ dα1(∂0, AY ) = Q2
(8)
We add the linear equations,
dα1(∂0, JX) = 0 = dα1(∂0, JY )(9)
to (7),(8). Then using (6) and (9), the system (8) becomes,{
∂xb+ pdα1(∂0, X) + qdα1(∂0, Y ) = Q1
∂yb+ rdα1(∂0, X) + sdα1(∂0, Y ) = Q2
(8′)
Using (7) we can eliminate ∂0 in (8
′) and get,{
∂xb− p∂xa− q∂yb = Q1 − pP1 − qP2
∂yb− r∂ya− s∂yb = Q2 − rP1 − sP2
(8′′)
ON HORIZONTAL IMMERSIONS OF DISCS IN FAT DISTRIBUTIONS OF TYPE (4, 6) 9
Since (p − s)2 + 4qr < 0, we have that (8′′) is elliptic. Hence given arbitrary boundary condition a|∂Σ =
a0, b|∂Σ = b0, we have unique solution,
(a, b) = Mf (P,Q, a0, b0)
Then as done in Proposition 3.2, we obtain unique solution
∂ = Mf (P,Q, a0, b0)
to the system given by (7), (8) and (9). Thus whenever f ∈ U, we have a solution Mf for the linearized equation
Lf = (P,Q). As argued in the proof of Proposition 3.1, both Lf and Mf are tame operators. Furthermore, the
proof of tameness for solution of elliptic boundary value problems [Ham82] suggests that Mf is tame of degree
0. 
Since Lf is surjective for every f ∈ U and the family of right inverses M : U × Ω
1(Σ,R2) → C∞(Σ,M) is a
smooth tame map we obtain the following by Theorem 5.1.
Theorem 3.2. The operator D restricted to U is locally right invertible. In fact, given any f0 ∈ U, there exists
an open neighbourhood U of f0 and a smooth tame map D
−1
f0
: D(U)→ U such that D ◦D−1f0 = Id.
The proof of the Implicit Function Theorem, in fact, implies that there exists a positive integer r0 such that
the following holds true.
Theorem 3.3. Let f0 ∈ U and g0 = D(f0). Let ǫ > 0 be any positive number. There exists a δ > 0 such that
for every g ∈ Ω1(Σ,R2) with |g|s < δ there is an f = D
−1
f0
(g0 + g) ∈ U satisfying the following conditions:
D(f) = g0 + g and |f − f0|s+2 < ǫ, ∀s ≥ r0
4. h-Principle for Horizontal Immersions
We now discuss the h-principle problem. Since we are only interested in the local h-principle, without loss
of generality, we assume that M = R6 and Σ = R2. Suppose, we have a corank 2 fat distribution D on M ,
which admits Reeb directions (Defn 2.3). Consider the relation A ⊂ J1(Σ,M), as in section 3, such that the
set of admissible maps (Defn 3.1) U are exactly the smooth holonomic sections of A. We have shown that the
operator,
D : U ⊂ C∞(Σ,M)→ Ω1(Σ,R2)
f 7→
(
f∗α1, f
∗α2
)
is locally invertible over U.
Now following Gromov ([Gro86]), we can get the (parametric) local h-principle. One crucial thing to observe
is that the inversion of D as we have obtained, does not conform to the notion of locality as considered by
Gromov. But we observe that the proof of local h-principle goes through, without the locality property of D−1.
For the sake of completeness, we reproduce the proof following Gromov.
Definition 4.1. A germ f : Σ→M at σ ∈ Σ is called an infinitesimal solution of order r, of D(f) = 0, if
jr−D(f)(σ) = 0
i.e, the section g = −D(f) has zero rth-jet at the point σ
Observe that since D has order 1, the property that f is an infinitesimal solution of order r, only depends
on the jet jr+1f (σ). Consider the relation R
r = Rr(D, 0) ⊂ Jr+1(Σ,M), consisting of (r + 1)-jets, which are
represented by C∞ germs f : Σ → M such that f is an infinitesimal solution of order r. Then one sees that
Cr+1 holonomic sections of Rr are exactly the Cr+1-solutions of D = 0.
Next consider the relation,
Rr = R
r ∩ (pr+11 )
−1(A) ⊂ Jr+1(Σ,M)
where pr+11 : J
r+1(Σ,M)→ J1(Σ,M) is the projection. Then one gets that Cr+1 holonomic sections of Rr are
exactly the infinitesimal solutions of order r, which are also admissible. In particular, for each r ≥ 0, the C∞
holonomic sections of Rr are all same, namely the C
∞ solutions of D = 0, which are admissible. We then prove
the following.
Theorem 4.1. Assume r is sufficiently large. Then provided a jet in Rr over the point σ ∈ Σ, represented as
jr+1f (σ) for some f : Op(σ)→M , we have a family ft : Op(σ)→M such that f0 = f on some OpΣ and f1 is
a D-horizontal admissible map, i.e, D(f1) = 0
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Proof. Suppose f is defined on an open ball V ⊂ Σ about σ. Since,
jr+1f (σ) ∈ Rr ⊂ (p
r+1
1 )
−1(A)
and (pr+11 )
−1(A) is open, we can get a neighborhood σ ∈ V0 ⊂ V such that f |V0 is a solution of (p
r+1
1 )
−1(A).
In particular, f |V0 is admissible. Denote, g0 = D(f |V0).
Since jr+1f (σ) ∈ Rr ⊂ R
r we have, f |V0 is an infinitesimal solution of order r, i.e,
jr−g0 = 0
Then given ǫ > 0 arbitrarily small, we can obtain a section gǫ on V0 such that,
• gǫ = −g0 on some neighborhood σ ∈W ⊂ V0
• gǫ is ǫ-small in C
r-norm, i.e, |gǫ|r < ǫ
Now we apply Theorem 3.3 for the domain V0. Since y0 = f |V0 is admissible, we have that Dy0 admits a
local inverse. In particular, there exists some ǫ, δ > 0 such that for any |g|r < ǫ we have unique y such that
D(y) = D(y0) + g and |y − y0|r+1 < δ. Here we require that r is sufficiently large. Now in particular, for this
ǫ = ǫ(y0, r), we can get gǫ and W as above. Then,
|tgǫ|r < t|gǫ|r < tǫ < ǫ
for t ∈ [0, 1]. In particular we have unique solutions,
ft = D
−1
y0
(tgǫ)
over V0, satisfying |ft − y0|r+1 < δ. Now,
D(ft) = D(y0) + tgǫ = D(f |V0) + tgǫ = g0 + tgǫ
In particular we have, D(f0) = g0 and hence f0 = f |V0 from uniqueness. On the other hand over W ,
D(f1) = g0 + gǫ = g0 − g0 = 0
Thus f1 is a solution D(f1) = 0, over W . Furthermore the jet j
r+1
ft
(σ) ∈ Rr for t ∈ [0, 1]. 
we now get the local h-principle:
Proof of Theorem 1.3. Fix σ ∈ Σ. Denote by Φ the set of germs at σ of D-horizontal immersions f : Σ → M .
Similarly, denote by Ψ = Ψr the set of germs at σ of smooth sections of Rr. We then have the obvious map,
J : Φ → Ψ given by, J(f) = jr+1f (σ). The h-principle amounts to prove that π0(J) : π0(Φ) → π0(Ψ) is a
surjection. But this is a direct consequence of Theorem 4.1 
Remark 4.1. Following the arguments in [Gro86], one may conclude the parametric local h-principle as well,
i.e, the map J above is in fact a weak homotopy equivalence as well.
5. Appendix : Nash-Moser Inverse Function Theorem
Nash’s Implicit Function Theorem [Nas56] in the context of C∞-isometric immersions has been generalized by
several authors. Here we recall Hamilton’s formalism ([Ham82]) of infinite dimensional implicit function theorem
that works for smooth differential operators between Fre´chet spaces. This theorem is used crucially in order to
get the local h-principle of horizontal maps into corank 2 fat distributions which admit Reeb directions. To begin
with, we discuss the basic notion of tame spaces and tame operators from the exposition by Hamilton([Ham82]).
Definition 5.1. A Fre´chet space is a complete, Hausdorff, metrizable, locally convex topological vector space.
In particular the topology of a Fre´chet space F is given by a countable collection of semi-norms {| · |n}, such
that a sequence fj → f if and only if |fj − f |n → 0 for all n, as j →∞. A choice of this collection of norms is
called a grading on the space and we say (F, {| · |n}) is a graded Fre´chet space.
Example 5.1. Many naturally occurring spaces are in fact Fre´chet spaces.
(1) Every Banach space (X, | · |X) is a Fre´chet space. It may also be graded if we set | · |n = | · |X for all n.
(2) Given a compact manifold X , possibly with boundary, the function space C∞(X) is a graded Fre´chet
space. More generally, given any vector bundle E → X , the space of section Γ(E) is also a graded
Fre´chet space. The Ck-norms give a possible grading.
(3) Given a Banach space X , denote by Σ(X) the space of sequences {xk} of elements of X , such that,
|{xk}|n =
∞∑
k=0
enk|fk|X <∞, ∀n ≥ 0
Then Σ(X) is a graded Fre´chet space with the norms defined above.
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Definition 5.2. A linear map L : F → G between Fre´chet spaces F,G is said to satisfy tame estimate of degree
r and base b if there exists a constant C = C(n) such that,
|Lf |n ≤ C|f |n+r, ∀n ≥ b
L is said to be tame if it satisfies the tame estimate for some n and r.
Example 5.2. We have that a large class of operators are in fact tame.
(1) A partial differential operator L : C∞(X) → C∞(X) of order r satisfies the tame estimate |Lf |n ≤
|f |n+r for all n ≥ 0 and hence L is tame.
(2) Inverses of elliptic, parabolic, hyperbolic and sub-elliptic operators are tame maps. In particular we
have that the solutions of elliptic boundary value problem are tame maps.
(3) Composition of two tame maps is again tame.
Definition 5.3. Given graded Fre´chet spaces F,G, we say F is a tame direct summand of G if there are tame
linear maps L : F → G and M : G→ F such that the composition ML : G→ F is the identity.
Definition 5.4. A Fre´chet space F is said to be tame if F is a tame direct summand of Σ(X), for some Banach
space X .
Example 5.3. Given a compact manifold X , possibly with boundary, and a vector bundle E → X , the section
space Γ(E) is a tame Fre´chet space.
Theorem 5.1. Given tame Fre´chet spaces F,G and a tame smooth map P : U → G, where U ⊂ F is open,
such that for the derivative DP (f) at f ∈ U , the equation DP (f)h = k admits unique solution h = V P (f)k for
each k ∈ G. Furthermore, assume that V P : U × G → F is a smooth tame map. Then P is locally invertible
and each local inverse P−1 is smooth tame.
Remark 5.1. Unlike the inverse function theorem for Banach spaces, one needs to have that the derivative
DP is invertible on an open set U ⊂ F .
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